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ABSTRACT
It is noted that the duration of a fast radio burst (FRB), about 10−3 s, is a smaller fraction of the
time delay between multiple images of a source gravitationally lensed by a galaxy or galaxy cluster
than the human lifetime is to the age of the universe. Thus repeating, strongly lensed FRBs may offer
an unprecedented opportunity for observing cosmological evolution in “real time”. The possibility
is discussed of observing cosmic expansion, transverse proper motion, mass accretion and perhaps
growth of density perturbations, as a function of redshift.
1. INTRODUCTION
Fast Radio Bursts (FRBs) occur at an all sky rate that
has been estimated to be 2 · 103 per day [7.3 · 105 per
year] above a flux density threshold of 1 Jy (or fluence
of 2 Jy ms; Keane & Petroff 2015), and & 107.5 per year
at 0.8 mJy (e.g. Fialkov & Loeb 2017), representing
the expected sensitivity of the Square Kilometer Array.
Because of limited sky coverage to date, only about 31
FRBs have been reported at the time of this writing, al-
most all of them detected over a 5 year period. On the
other hand, if the all sky rate were 7 · 105 per year above
1 Jy (2 ·103 per day, Keane & Petroff 2015), the sky-time
coverage (i.e., the fraction of sky observed, times observ-
ing time) can be assumed to have been of the order of
4.3 · 10−5 yr. If we assume for the sake of simplicity that
all FRBs to date were found over an effective observing
time of 5 years (1 year), then the fraction of covered sky
is 4.3/5 · 10−5 ' 0.9 · 10−5 (4.3 · 10−5). Now of these
31, one FRB (FRB 121102) source repeated. Its redshift
is 0.19 and it has a typical peak flux of 0.9 Jy. Given
the above estimated sky coverage, it may be assumed,
unless FRB 121102 is statistically very improbable a pri-
ori, that N1Jy ∼ 104 − 105 such repeating FRBs could
be eventually found over the entire sky above 1 Jy.
In practice, typical field-of-view sizes might only allow
for discovering a small fraction of the repeating FRBs
per year. On the other hand, it should be much easier to
scan the sky for repeating FRBs than for non-repeating
ones, depending on the frequency of repetition, which is
still largely unknown.
Let us note that the equation of motion for an ap-
proaching photon is given by
Rdr = −cdt (1)
where c is the speed of light, t is cosmic time, r is the
dimensionless comoving distance of the photon, and R(t)
is the cosmic scale factor so that Rdr is the proper dis-
tance. But dt also obeys
H(z)dt = dR(z)/R(z) = −d(1 + z)/(1 + z), (2)
where z is redshift andH(z) is the Hubble constant at the
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time of emission. It follows from the above that sources
seen at present obey
dr(z)/d(1 + z) = [dr/dt]/[d(1 + z)/dt]
= c/[(1 + z)R(z)H(z)] = c/[RoH(z)]
= c/[Ro[(aR
−3 + Λ)c2/3]
1
2 ]
= c/[Ro[(aR
−3
o (1 + z)
3 + Λ)c2/3]
1
2 ] (3)
where aR−3o = [Ωm,0/ΩΛ,0]Λ ' [0.3/0.7]Λ, Λ is the
cosmological constant, Ωm,0 is the present cosmic mat-
ter density relative to the critical density and ΩΛ,0 is
the present dark energy density relative to the criti-
cal density. Integrating equation (3) yields r(z), and,
in a flat ΛCDM model, the comoving volume of a
sphere out to r(z) is 4pir(z)3/3. The total number
of repeating FRBs expected is N =
∫∞
0
(dn/dz)dz =
(dn/dr3)
∫∞
0
(dr3/dz)dz, where dn/dr3, the volume den-
sity of the sources, is assumed to be constant. The total
number of repeating sources that can be detected down
to ∼0.8 mJy is given by cutting off the integral at the
redshift at which a source at z = 0.19 with peak flux ∼1
Jy will appear (1/0.8)× 103 times dimmer. This occurs
at z ' 3.7. Thus:
N ∼ 1
2
[
r(z = 3.7)
r(z = 0.19)
]3
N1Jy ∼ 360N1Jy ∼ 106.5 − 107.5,
(4)
where we have assumed that the comoving number den-
sity of repeating FRBs is about half of the inverse co-
moving volume subtended by a sphere at the redshift of
FRB 121102, we have counted only those FRBs that are
at least as intrinsically bright as FRB 121102, and we
have assumed all such sources could be seen out to high
redshift. This is roughly compatible with the estimate
of Fialkov & Loeb (2017) for all FRBs, and it would not
be surprising if a sizable fraction of all FRBs repeat even
many times per year, and that the closest are the ones
whose repeating nature is the first to be observed. If the
FRB rate scales in proportion to the star formation rate,
then it was even higher at large redshift in analogy to the
gamma ray burst rate (Eichler et al. 2010). Note that we
are counting sources, not FRBs. So the repetitive nature
would imply a still higher FRB rate.
Now the strong-lensing cross section for a given typi-
cal rich cluster can comfortably be as high as 10 arcsec2,
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or about 10−6 square degrees. But there are ∼ 104 rich
clusters in the sky with that cross section on average
(e.g. Zitrin et al. 2012, Oguri & Blandford 2009) so the
chances are that a few repeating FRBs will be lensed
by some rich cluster, and there should be no confusion
between independent FRBs and repeating ones. The ex-
pected rate of repeating FRBs lensed by individual galax-
ies is far higher, and could be as high as 104 per sky per
year.
Observing cosmic processes in real time is a long pur-
sued idea in cosmology. Our knowledge of the un-
derlying cosmology has been revolutionized in recent
decades thanks to, e.g., measurements of Type Ia super-
novae (Riess et al. 1998; Perlmutter et al. 1999), bary-
onic acoustic oscillations (Eisenstein et al. 2005), time-
delay measurements of lensed quasars (Suyu et al. 2013;
Tewes et al. 2013), and the cosmic microwave back-
ground (Planck Collaboration et al. 2015). However,
these measurements generally – or mostly – constitute
indirect probes of the cosmological parameters. Real-
time cosmology refers to directly measuring the change
in radial and transverse location of cosmological sources
over relatively short periods of time, in different redshifts
(Quercellini et al. 2012 for a review), charting the actual
growth or expansion history of the universe. While its
principle has been proposed already several decades ago
(Sandage 1962), measurements are still unrealized given
the long timescale needed to observe most phenomena
compared to the human lifetime (see also Lake 1981, and
references therein). Loeb (1998) suggested a couple of in-
teresting ways to potentially measure the effect; one is
via two observations, set a decade apart, of large samples
of quasars using sensitive high-resolution spectrographs
where cross-correlating the Lyman-alpha absorption lines
could reveal by how much the universe expanded in that
time period (see also Liske et al. 2008; Pasquini et al.
2010; Kloeckner et al. 2015; Martins et al. 2016). A sec-
ond idea suggested by Loeb (1998) was to measure the
frequency (or redshift) shift induced by the Hubble flow
between multiple images of lensed sources, but the idea
was rendered thus far impractical given the typical spec-
troscopic sensitivity, and, in part, given that the sources
examined were generally extended, as well as the fact
that the signal would be swamped by the frequency shift
induced by the transverse peculiar motion of the lenses.
Other innovative ideas (e.g. Piattella & Giani 2017, and
references therein) were the possibility to measure the
positional shift of multiple images of lensed sources, or
the change in time delay (TD) between them, over a cer-
tain period (see also Broadhurst & Oliver 1991). These
ideas were also, mostly found to be currently impracti-
cal, give typical sensitivities and time periods required
for their detection.
In this work we examine the option of probing such cos-
mological processes in “real time” with lensed, repeating
FRBs, and in particular, given the expected change in
TD over time. In §2 we outline a general lensing config-
uration and derive the TD expression in the thin lens
approximation in a flat universe. We also derive the
variations for a transverse moving source, for a source
(and lens) drifting with the Hubble flow, as well as for
a growing mass, and we outline explicit expressions for
a point-mass lens, and for a singular isothermal sphere
(SIS) lens. We numerically examine the effects by com-
paring the TDs of various lensing configurations while
changing the source (and lens) position, redshifts, and
mass, verifying the results obtained using the analytic
expectations. The results are presented in §3, and the
work is concluded in §4.
2. GRAVITATIONAL LENSING
Assume a homogeneous, isotropic, zero curvature
(k=0) universe. Consider a source (S) nearly directly be-
hind a gravitational lens (see Fig. 1). The source makes
a real angle β with the lens direction and let θ be the
angle from the line of sight to the lens of its image (I),
as seen by an observer (O). Let χl be the (dimension-
less) comoving radial distance to the lens plane which is
defined to contain the lens and to be perpendicular to
the line OS, and denote point l to be the intersection
of the lens plane and the line OS. Note that l may vary
with time, but if the source, lens and observer all follow
the Hubble flow exactly, then l also retains the same co-
moving coordinate. χs is the radial comoving distance
between the observer and the source and χls ≡ χs − χl.
The (reduced) angle of deflection α is θ − β.
The dimensionless comoving distance to a redshift zi,
is defined as χi =
c
Ro
∫ zi
0
dz′
H(z′) , so that this comoving dis-
tance times the scale factor at the time the light reaches
the observer, Ro, gives the proper physical distance to
the object. The angular diameter distance as we shall use
in some parts below is the proper distance times the scale
factor at the time of emission, i.e., Di =
c
1+zi
∫ zi
0
dz′
H(z′) .
The angular diameter distances between two redshifts zi
and zj is given by Dij =
c
1+zj
∫ zj
zi
dz′
H(z′) . The expansion
rate of the Universe in the current, flat standard model
(with w = −1, where w equals the pressure over the
energy density, i.e., the dark energy equation of state) is,
H(z) =
√
H20 (Ωm,0(1 + z)
3 + ΩΛ,0), (5)
with H0 the present value of the Hubble constant.
The presence of the lens delays the arrival time of light
rays from the source. The delay of an image due to the
lens consists of two components
t = tp + ts, (6)
where tp is the geometrical TD due to the extra path
length of the deflected ray, and ts is the delay due to
the gravitational potential (known as the Shapiro delay;
Shapiro 1964). The geometrical term is given by not-
ing that the (comoving) path length of the deflected ray,
χ′ls + χ
′
l, is longer than path length of the undeflected
ray, χs, by:
ctp= Ro
[
χls[cosα
−1
ls − 1] + χl[cosα−1 − 1]
]
, (7)
where tanαls ≡ χl tanα/χls, and Ro is the scale factor
of the universe at the time the light ray arrives at the
observer. We do not normalize Ro to unity as is often
done because real-time cosmology needs to allow for the
fact that Ro changes with time. Rather the scale factor
carries dimensions of length while comoving distances,
as defined above, are dimensionless. The gravitational
potential contribution to the observed delay is given by:
ts =
−2(1 + zl)
c3
∫
φ(s)ds (8)
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Fig. 1.— Illustration of a lensing configuration. The difference
between the comoving deflected and undeflected path lengths re-
sults in the geometrical TD of the image. The difference in this
delay between a pair of multiple images of the same source is the
geometrical contribution to the observed TD.
where φ(s) is the gravitational potential along the path
ds, and the (1+zl) redshifts the Shapiro delay in the lens
frame, −2c3
∫
φ(s)ds, to the observer’s point of view.
Note that equation (7) reduces, in second order ap-
proximation in α, to the geometrical part of the familiar
time-delay formula (with, possibly, a slightly different
definition of the distances; e.g., Refsdal 1964; Schneider
1985; Blandford & Narayan 1986; Bartelmann 2010):
t(θ) =
1 + zl
c
DlDs
Dls
[
1
2
(θ − β)2 − ψ(θ)
]
, (9)
where θ is the observed image position and the effective
lensing potential is ψ(θ) = 2DlsDlDsc2
∫
φds. In terms of
comoving distances:
t(θ) =
Ro
c
χlχs
χls
[
1
2
(θ − β)2 − ψ(θ)
]
, (10)
with ψ(θ) = 1+zlR0
2χls
χlχsc2
∫
φds. Hereafter for our calcula-
tions we shall use these second-order formulae, although
we stress that all results presented were also verified us-
ing higher orders of equation (7) (instead of the full ex-
pression given in equation (7); the series expansion of
1/cos(x) is often more stable numerically than explicitly
employing 1/cos(x)). Note also that our formula is given
in the thin lens approximation, and, that its derivation
uses, as is customary (e.g. Bartelmann 2010), the fact
that the TD is very small compared to the Hubble time.
The delay between two multiple images of the same
background source, 1 and 2, observed at θ1 and θ2, is the
difference in their respective delays ∆t ≡ t(θ2)− t(θ1).
2.1. Lensing by a point mass
The deflection angle at an angular distance θ from a
point mass of mass M , located at a redshift of zl, is given
by (Narayan & Bartelmann 1996):
α(θ) =
4GM
c2θ
Dls
DlDs
, (11)
where Dl, Ds, Dls are the angular diameter distances
to the lens, to the source (located at zs), and between
the lens and the source, respectively, G the gravitational
constant and c the speed of light. The lensing potential
for a point mass is given by:
ψ(θ) =
4GM
c2
Dls
DlDs
ln |θ|. (12)
The Einstein radius of the lens is given by:
θE =
(
4GM
c2
Dls
DlDs
)1/2
. (13)
The lens equation, describing the mapping between
source and image planes, is generally given by:
β(θ) = θ − α(θ), (14)
where β is the angular source position. For a point mass,
this can be written as:
β = θ − θ
2
E
θ
, (15)
which has two solutions – so that two images of the same
source appear, one on either side of the lens:
θ± =
1
2
(
β ±
√
β2 + 4θ2E
)
. (16)
The magnification of the two images, for a point mass
lens, are given by:
µ± =
[
1−
(
θE
θ±
)4]−1
=
u2 + 2
2u
√
u2 + 4
± 1
2
, (17)
where u is the angular separation of the source from the
point mass in units of the Einstein angle, u ≡ βθ−1E .
The TD (following equation 9) between the two images
expected for a source strongly lensed by a point mass, is
∆t ≡ t(θ−) − t(θ+). Equivalently the (approximated)
TD for a point lens can be written as (Schneider et al.
1992):
∆t =
4GM
c3
(1 + zl)τ(u), (18)
where
τ(u) =
1
2
u
√
u2 + 4 + ln
√
u2 + 4 + u√
u2 + 4− u. (19)
In what follows, we will examine the change in the TD
∆t, between pairs of multiply imaged events (say, a and
b), which is denoted (similar to Piattella & Giani 2017):
∆ ≡ ∆tb −∆ta. (20)
2.2. Lensing by a singular isothermal sphere (SIS)
Perhaps a more realistic representation for a lens on
galaxy scales, while maintaining a simple form, is the
SIS. We shall thus compare our time delay results for
the point lens also to this form and for completeness give
here (Schneider et al. 1992; Loeb 1998) its potential:
ψ(θ) =
4Gσ2
c2
Dls
Ds
|θ|, (21)
and particular time delay function:
∆t =
(
4pi
σ2
c2
)2
DlDls
cDs
(1 + zl)2u, (22)
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where and σ is the 1D velocity dispersion and the Ein-
stein radius is given by:
θE = 4pi
σ2
c2
Dls
Ds
. (23)
2.3. Time delay for a transverse moving source
Consider the possibility that a repeating transient
source sends two pulses a and b, that arrive in two im-
ages, 1 and 2, per pulse. For simplicity, we consider the
special case that the separation in time between the two
pulses tb − ta, though of human timescale, is larger than
the image delay ∆t. The small change in the delay be-
tween two multiple images of the transversely moving
source over a positional change of δβ is
∆ = tb2 − tb1 − ta2 + ta1 = dt2
dβ
δβ − dt1
dβ
δβ (24)
=
[
∂t2
∂θ
|β dθ
dβ
+
∂t2
∂β
|θ − ∂t1
∂θ
|β dθ
dβ
− ∂t1
∂β
|θ
]
δβ
=
[
(
∂t2p
∂θ
|β + ∂t2s
∂θ
|β) dθ
dβ
+
∂t2p
∂β
|θ + ∂t2s
∂β
|θ
]
δβ
−
[
(
∂t1p
∂θ
|β + ∂t1s
∂θ
|β) dθ
dβ
+
∂t1p
∂β
|θ + ∂t1s
∂β
|θ
]
δβ
where δβ = (dβ/dt0)(tb − ta). We denote the usual ob-
served time as t0 to distinguish it from the delayed time
t.
Here
∂t1,2
∂θ |β means a virtual variation of θ keeping β
constant (even though the physical value of θ depends on
β). The quantities
∂t1s,2s
∂β |θ vanish because the Shapiro
delay ts depends only on θ; there is no explicit depen-
dence on β.
Now tp depends only on θ − β, so ∂tp/∂β = −∂tp/∂θ.
By Fermat’s principle, which states that tp + ts be a
minimum over possible choices of θ for a given β,
∂tp/∂θ = −∂ts/∂θ (25)
and
∂tp/∂β = ∂ts/∂θ. (26)
so finally
∆ =
[
∂t2p
∂β
|θ − ∂t1p
∂β
|θ
]
δβ. (27)
Using the second-order TD equation (9) one obtains:
∆ =
(1 + zl)
c
DlDs
Dls
[(θ2 − θ1)] δβ. (28)
Alternatively, for a point mass, following equation (18)
and using the chain rule this can be written as:
∆ =
4GM
c3
(1 + zl)
√
u2 + 4
θE
δβ, (29)
and for a SIS lens, this can also be written simply as:
∆ = ∆t
δβ
β
, (30)
so that δββ is the fractional change in angular source po-
sition.
2.4. Time delay for a redshift-drifting source and lens
There also exists the possibility of keeping β fixed while
changing the distances by a constant, which is expected
just from the Hubble expansion itself. Consider now a
similar, repeating transient source that sends two pulses
a and b, that arrive in two images, 1 and 2, per pulse. We
consider the change that occurs just due to the Hubble
flow and assume that the source, lens, and observer re-
main at constant comoving coordinates, hence the angle
β does not change. The change in the delay ∆t is given
by
∆ = tb2 − tb1 − ta2 + ta1 = dt2
dto
δto − dt1
dto
δto. (31)
Note that a change in an image’s arrival time, dtidto , is
given by:
dti
dto
=
∂ti,p
∂θ
|Ro
dθ
dto
+
∂ti,p
∂Ro
|θ dRo
dto
(32)
+
∂ti,s
∂θ
|zl
dθ
dto
+
∂ti,s
∂zl
|θ dzl
dto
.
Now note that the terms proportional to dθdto cancel out
due to Fermat’s principle, so we are left with:
dti
dto
=
∂ti,p
∂Ro
|θ dRo
dto
+
∂ti,s
∂zl
|θ dzl
dto
. (33)
Recall that
dRo
dt
= RoHo, (34)
and
dzl
dto
= (1 + zl)Ho −H(zl), (35)
so that
dti
dto
=
∂ti,p
∂Ro
|θRoHo + ∂ti,s
∂zl
|θ [(1 + zl)Ho −H(zl)] . (36)
It is easy to see that
∂ti,p
∂Ro
|θRoHo = ti,pHo, (37)
and
∂ti,s
∂zl
=
ti,s
(1 + zl)
. (38)
Therefore
dti
dto
= ti,pHo +
ti,s
(1+zl)
[(1 + zl)Ho −H(zl)]
= tiHo − ti,s(1+zl)H(zl). (39)
Hence the overall change in TD between the two im-
ages, among the two events, is given by:
∆ =
[
∆tHo − (t2,s − t1,s)
(1 + zl)
H(zl)
]
δto. (40)
where δto = (tb− ta), tb and ta being the average (cos-
mic) arrival times of pulses b and a at the observer.
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In a similar manner we can derivate the second-order
TD equation (10) with respect to the observed time:
dt/dto =
dRo
dto
1
c
χlχs
χls
[
1
2 (θ − β)2 − ψ(θ)
]
+Roc
χlχs
χls
d
dto
[
1
2 (θ − β)2 − ψ(θ)
]
= tHo +
Ro
c
χlχs
χls
d
dto
[
1
2 (θ − β)2 − ψ(θ)
]
. (41)
For a point mass, recalling Fermat’s principle, and that
ψ(θ) = 4GMc2
χls
χlχs
1+zl
Ro
ln (θ), it is easy to show that
dt/dto = tHo − Ro
c
χlχs
χls
ψ(θ)H(zl)/(1 + zl), (42)
so that
∆ =
[
∆tHo − Ro
c
χlχs
χls
(ψ(θ1)− ψ(θ2)) H(zl)
(1 + zl)
]
δto,
(43)
in agreement with equation (40).
For a SIS lens, one obtains:
∆ =
[
∆tHo +
H(zl)
2(1 + zl)
]
δto. (44)
2.5. Time delay for a growing mass density
The third option we examine is the effect of mass as-
sembly on the TD. In other words we simply wish to
measure the effect of a lens with increasing mass. As be-
fore we shall consider a repeating transient source that
sends two pulses a and b, that arrive in two images, 1
and 2, per pulse. The small change in delay between the
two multiple images of the source, due to a small increase
in mass of the lens, is given by:
∆ =
dt2
dm
δm− dt1
dm
δm, (45)
where the δm is simply dm/dt0(tb − ta), and the exact
expression for dtidm depends on the lens type (or the actual
mass distribution).
For a point mass, differentiating equation (18) with
respect to mass one obtains:
∆ =
4G
c3
(1 + zl)
[
τ(u) +M
dτ
du
du
dθE
dθE
dM
]
δM (46)
where dτdu =
√
u2 + 4; dudθE =
−β
θ2E
; and dθEdM =
1
2
θE
M ,
so that
∆ =
4G
c3
(1 + zl)
[
τ(u)− u
2
√
u2 + 4
]
δM. (47)
For a SIS lens one obtains:
∆ =
∆t
2
δM
M
, (48)
where M in this case is the mass enclosed within the
Einstein radius (equation (13)), and δMM is simply the
fractional change in this mass.
3. RESULTS
We calculate the TD change, ∆, over 1 year, for the
three cases explored in the previous section: a transverse
relative motion of the source and lens, a radial redshift
drift with the Hubble flow, and a lens-mass increase, for
different lens configurations (including different masses,
redshifts, source positions, etc., for examples see Tables 1
and 2). The results are calculated for a point mass using
equations (28), (43), and (47), respectively, and for a SIS
lens, using equations (30), (44), and (48), respectively.
We stress that all results are also verified numerically
by simply calculating the TD, ∆t, now, using equation
(9), and repeating the calculation for a year from now
(i.e. after the relevant change is made), for the three
cases. We also note that the choice of a year’s time-
span is arbitrary, and the results can be linearly scaled
to any time period typical of the human lifetime. For the
calculations we use the standard ΛCDM flat cosmological
model with present-day Hubble constant, matter density
and dark energy density, of H0 = 70 km s
−1 Mpc−1,
Ωm,0 = 0.3, and ΩΛ,0 = 0.7, respectively.
3.1. Transverse displacement
We shall now examine a test case for a transverse dis-
placement of the source compared to the observer-lens
line-of sight. Note that in practice the source is the one
we assume is moving with respect to the observer-lens
line of sight, which entails only a small shift in the source
position β. Note also that as we only aim to probe here
the effect of the displacement of the source, we do not
take into account the fact that the universe is slightly
larger for the second event; an effect we will probe sep-
arately below (§3.2). We thus check now how a slight
transverse source displacement propagates into the TD,
using test-case lensing configurations with a point-mass
lens and a SIS lens, where the source moves transversely
between, say, two repeating FRB events (let them be
called a and b), each event being multiply imaged.
We also note that if the lens changes (i.e., moves) while
the light travels from the source to us, this may addition-
ally cause a slight frequency shift between the two images
of either event. The frequency (or redshift) difference be-
tween two multiple images is of order βTα, with α the
deflection angle and βT = vT /c where vT is the trans-
verse velocity of the lens relative to the observer-source
line-of-sight. As discussed in previous work (Loeb 1998,
see also Birkinshaw & Gull 1983; Frittelli 2003; Sereno
2008; Molnar et al. 2013), for images of a source lensed
by a galaxy (galaxy cluster) moving transversely with
typical cosmic velocities, this frequency shift can trans-
late into a measured radial velocity shift of order a few
(few dozen) m/s between the multiple images.
Assume that the relative transverse velocity of the
source in a rest-frame defined with respect to the
observer-lens line-of-sight (LOS), is 500 km/s, so that in
one year in the source plane it moves a proper distance of
1.58×1010 km. For a source at zs = 2 each arcsecond cor-
responds to ' 2.58×1017 km, so that the source moves in
an observed year, δβ = 0.61×10−7/(1+zs) = 0.2×10−7
seconds of an arc with respect to the LOS to the lens.
Therefore, to examine the change in the respective TDs
of the two events (that is, to compare the TD between
the two images of the first event, event a, with the TD be-
tween the two images of the second event, event b), we
simply (numerically) calculate the above equation (9),
once for a source at a certain angular distance β from
the LOS, corresponding to event a, and then for a source
at β+δβ from the LOS, which is event b. The difference
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corresponds to ∆ (equation (20)), and matches that given
by equation (28) and (30) (the analytical expectations).
We repeat the calculation and obtain ∆ for various ini-
tial values of lens mass, source position, lens and source
redshifts, etc. We obtain, for example, ∆ ∼ 0.6 sec for a
1012M point mass lens, with zl = 0.5, zs = 2.0, and for
various values of β. For a more massive lens, 1013M, we
obtain for various source positions differences of ∆ ∼ 2
sec between TDs of the two events. More lens configu-
rations are seen in Tables 1 and 2, including for a SIS
lens. We conclude that the transverse motion causes a
TD change of order a few seconds per year.
3.2. Redshift drift
Here again we assume two events multiply imaged
each, a and b, separated by a certain time. We start
with a lens at zl = 0.5 and zs = 2.0. With our said
choice of cosmological parameters, the TD between the
two images of event b, observed a year later than event
a, is larger by ' 1 × 10−4 sec than the TD between the
two images of event a – for a small point mass of 1011M
and a source position of β = 0.3” (TD of about 32 days).
Using a two-times larger angular source distance from
the LOS increases the TD, and the TD difference, by
about a factor of two, so that in that case TD ∼ 66
days, and ∆ ' 2.4 × 10−4 seconds. Increasing the mass
of the lens to 1012M, for example, yields TDs of about
a year, and - for observed events separated by, say, 5
years, ∆ ' 0.004 sec if β = 0.6”, or ∆ ' 0.01 sec for
β = 1.5”. A SIS lens with similar masses yields, as ex-
pected, similar results (see Tables 1 and 2). So the yearly
TD change due to the redshift drift is, for most practical
cases, of order ∆ ∼ 10−2−10−4 sec. This small change is
detectable with FRBs, but could be masked by the much
larger delay due to transverse motion, unless the larger
effect, which is equally likely to be positive or negative,
is somehow isolated and removed from the smaller effect,
which always has the same sign. As the ratio of the two
effects is of order 103, this would be challenging to say
the least.
3.3. Mass assembly
As structures collapse more mass is being accreted or
moves towards the center of the lens. This means that
the lens mass effectively increases with time and we set
to examine the effect on the measured TD in a similar
fashion to the above. Given that a year constitutes about
∼ 10−10 of the Hubble time, we aim to test what TD
shift is caused by a mass increase of that order. We find
in this case that for a 1012M point lens, with zl = 0.5,
zs = 2.0 and β = 1” (TD of about a year), the TD change
is ∆ ' 0.0014 sec. For a β = 0.3” (TD of about three
months), for example, the TD change becomes' 4×10−4
sec. Increasing the mass to 1013M, with β = 0.15” (TD
of almost six months), ∆ ' 7× 10−4 sec, and for β = 1”
(TD of 3 years), ∆ ' 0.005 sec per year. Tables (1 & 2)
list few other examples for both point mass and SIS lens.
The TD increases with lens mass and and source position
so we conclude that overall, the yearly TD change due
to growth of perturbations or mass assembly, is typically
of order ∆ ∼ 10−4 − 10−2 for ∼ 1011− ∼ 1013 lenses for
relevant source positions.
4. CONCLUSIONS
We have analytically and numerically examined the ex-
pected change in TD between two multiple images of a
persisting or repeating lensed source across time. Us-
ing point-mass and SIS lenses, we have found that in as
short a period as 1 year, a TD change of about a second
(or ∼ 10−1 − 101 s), is expected for a transverse mov-
ing source with typical transverse velocities and lensed
with typical galaxy or cluster masses; a TD change of
∼ 10−4 − 10−2 s is expected over this year just from the
redshift drift with the Hubble flow; and a TD change
of ∼ 10−4 − 10−2 s is expected from mass assembly as
structures build up. The magnitude of all these effects
is measurable. By accurately measuring the arrival time
of multiply imaged, repeating FRB, real-time cosmology
with FRBs could thus soon be feasible.
The most dominant effect is thus the TD change caused
by a relative transverse motion between the observer,
lens and source (which we simplified in practice to a
source displacement). The sign of the TD change de-
pends on the relative transverse velocity direction: if the
source approaches the lens on the sky then the TD be-
tween multiple images will continuously decrease, whilst
as the source moves away from the lens the TD will in-
crease. Thus, if one were to measure the TD change over
a course of some finite time, given the amplitude of the
effect compared to the other two probed here, this will
directly enable a measurement of the relative transverse
velocity of the objects involved. In other words real-
time measurement of transverse velocities could readily
be done, if and when strongly lensed repeating FRBs are
found.
One way to (partially) remove the effect of transverse
velocities overcasting the redshift-drift effect, may be
measuring the frequency shift expected due to the rel-
ative transverse velocity of the lens. In addition, statis-
tically, since the source-lens relative displacement should
be equal in all directions, this effect should average out
to zero over a very large sample of sources. In practice,
though, the transverse velocities are likely to be the dom-
inant effect in the near future. Measuring the transverse
velocities as a function of redshift, however, could be an
important test of theories of cosmic structure formation.
We do not discuss here effects due to microlensing or
other structural changes within the lenses, which are ex-
pected to affect the TDs (e.g. Tie & Kochanek 2018;
Goldstein et al. 2018); however, in fact, microlensing in
the lensing galaxy has long been proposed as a means
to measure the transverse velocity of the lensing galaxy
relative to the observer-source line of sight (Grieger et al.
1986; Gould 1995; Mediavilla et al. 2016), and thus one
can imagine such measurements could aid in recovering
the underlying redshift-drift signal.
Lastly we comment on the ideal lenses used. In real-
ity lenses will not be circular but approximately ellip-
tical (for example, for galaxies) or more complex (e.g.,
for galaxy groups and clusters). For non-singular lenses,
more than two images of a background source will of-
ten appear (especially if non-circular), which, while these
might slightly complicate the interpretation in cases
where there is no sufficient spatial resolution, they will
also allow for more TD measurements per lensed source,
including with shorter wait times (which would be im-
portant for some of the larger lenses).
We conclude that real-time processes in the universe
Real-Time Cosmology with Repeating FRBs 7
might already be measured with current radio observa-
tion time resolution, and particularly, using repeating,
lensed FRBs, which easily allow time resolution down
to 1 millisecond, and possibly even better (e.g., Zheng
et al. 2014; Eichler 2017). The dominant effect, led by
the relative motion of the lens and the source, is readily
measurable with current instruments, while the smaller
(but no less important) effects of redshift-drift and mass
build-up will have to be distinguished statistically or by
new means. Potentially, other persisting or repeating
sources, such as distant quasars, lensed gamma-ray
bursts with radio counterparts (Barnacka et al. 2016
and references therein), or other speculative examples
such as cosmological pulsars (Kim et al. 2015), might
also become useful sometime in the near future.
We thank J. Wagner for helpful discussions. Some of
our distance calculations rely on useful scripts by Ofek
(2014). We acknowledge the support of the Israel Science
Foundation, the Israel-U.S. Binational Science Founda-
tion, and the Joan and Robert Arnow Chair of Theoret-
ical Astrophysics for financial support of this research.
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TABLE 1
Time delay and its yearly change for different lensing configurations for a point mass
zlens zsource β M [M] θE [”] ∆ t [d] ∆T [s] ∆R [s] ∆M [s]
0.20 2.00 0.36 3.2e+11 1.79 34.7 0.17 1.16e-04 1.49e-04
0.20 2.00 0.89 3.2e+11 1.79 87.49 0.18 2.97e-04 3.70e-04
0.20 2.00 1.13 3.2e+12 5.65 347 0.54 1.16e-03 1.49e-03
0.20 2.00 2.82 3.2e+12 5.65 874.9 0.56 2.97e-03 3.70e-03
0.20 2.00 6.35 1.0e+14 31.76 1.097e+04 3.05 3.67e-02 4.72e-02
0.20 2.00 15.88 1.0e+14 31.76 2.767e+04 3.13 9.40e-02 1.17e-01
0.20 5.00 0.37 3.2e+11 1.84 34.7 0.11 1.16e-04 1.49e-04
0.20 5.00 0.92 3.2e+11 1.84 87.49 0.11 2.97e-04 3.70e-04
0.20 5.00 1.16 3.2e+12 5.82 347 0.35 1.16e-03 1.49e-03
0.20 5.00 2.91 3.2e+12 5.82 874.9 0.36 2.97e-03 3.70e-03
0.20 5.00 6.55 1.0e+14 32.74 1.097e+04 1.97 3.67e-02 4.72e-02
0.20 5.00 16.37 1.0e+14 32.74 2.767e+04 2.02 9.39e-02 1.17e-01
0.50 2.00 0.23 3.2e+11 1.14 43.37 0.34 1.52e-04 1.87e-04
0.50 2.00 0.57 3.2e+11 1.14 109.4 0.34 3.87e-04 4.63e-04
0.50 2.00 0.72 3.2e+12 3.61 433.7 1.06 1.52e-03 1.87e-03
0.50 2.00 1.80 3.2e+12 3.61 1094 1.09 3.87e-03 4.63e-03
0.50 2.00 4.06 1.0e+14 20.28 1.372e+04 5.96 4.79e-02 5.90e-02
0.50 2.00 10.14 1.0e+14 20.28 3.458e+04 6.12 1.22e-01 1.46e-01
0.50 5.00 0.25 3.2e+11 1.24 43.37 0.20 1.52e-04 1.87e-04
0.50 5.00 0.62 3.2e+11 1.24 109.4 0.21 3.87e-04 4.63e-04
0.50 5.00 0.79 3.2e+12 3.94 433.7 0.65 1.52e-03 1.87e-03
0.50 5.00 1.97 3.2e+12 3.94 1094 0.66 3.87e-03 4.63e-03
0.50 5.00 4.43 1.0e+14 22.14 1.372e+04 3.64 4.79e-02 5.91e-02
0.50 5.00 11.07 1.0e+14 22.14 3.458e+04 3.73 1.22e-01 1.46e-01
1.00 2.00 0.15 3.2e+11 0.75 57.83 0.68 2.01e-04 2.49e-04
1.00 2.00 0.38 3.2e+11 0.75 145.8 0.70 5.13e-04 6.17e-04
1.00 2.00 0.48 3.2e+12 2.38 578.3 2.15 2.01e-03 2.49e-03
1.00 2.00 1.19 3.2e+12 2.38 1458 2.20 5.13e-03 6.17e-03
1.00 2.00 2.67 1.0e+14 13.37 1.829e+04 12.07 6.34e-02 7.87e-02
1.00 2.00 6.68 1.0e+14 13.37 4.611e+04 12.38 1.62e-01 1.95e-01
1.00 5.00 0.19 3.2e+11 0.95 57.83 0.36 2.01e-04 2.49e-04
1.00 5.00 0.47 3.2e+11 0.95 145.8 0.37 5.13e-04 6.17e-04
1.00 5.00 0.60 3.2e+12 3.00 578.3 1.13 2.01e-03 2.49e-03
1.00 5.00 1.50 3.2e+12 3.00 1458 1.16 5.13e-03 6.17e-03
1.00 5.00 3.37 1.0e+14 16.84 1.829e+04 6.38 6.34e-02 7.87e-02
1.00 5.00 8.42 1.0e+14 16.84 4.611e+04 6.54 1.62e-01 1.95e-01
2.00 8.00 0.16 3.2e+11 0.79 86.74 0.56 2.72e-04 3.74e-04
2.00 8.00 0.40 3.2e+11 0.79 218.7 0.57 6.97e-04 9.26e-04
2.00 8.00 0.50 3.2e+12 2.51 867.4 1.77 2.72e-03 3.73e-03
2.00 8.00 1.25 3.2e+12 2.51 2187 1.81 6.97e-03 9.26e-03
2.00 8.00 2.82 1.0e+14 14.09 2.743e+04 9.94 8.60e-02 1.18e-01
2.00 8.00 7.05 1.0e+14 14.09 6.917e+04 10.20 2.20e-01 2.93e-01
2.00 10.00 0.16 3.2e+11 0.82 86.74 0.51 2.72e-04 3.73e-04
2.00 10.00 0.41 3.2e+11 0.82 218.7 0.52 6.97e-04 9.26e-04
2.00 10.00 0.52 3.2e+12 2.60 867.4 1.62 2.72e-03 3.73e-03
2.00 10.00 1.30 3.2e+12 2.60 2187 1.66 6.97e-03 9.26e-03
2.00 10.00 2.92 1.0e+14 14.60 2.743e+04 9.10 8.60e-02 1.18e-01
2.00 10.00 7.30 1.0e+14 14.60 6.917e+04 9.33 2.20e-01 2.93e-01
5.00 8.00 0.10 3.2e+11 0.51 173.5 1.74 3.51e-04 7.47e-04
5.00 8.00 0.25 3.2e+11 0.51 437.5 1.78 9.17e-04 1.85e-03
5.00 8.00 0.32 3.2e+12 1.61 1735 5.50 3.51e-03 7.47e-03
5.00 8.00 0.81 3.2e+12 1.61 4375 5.64 9.17e-03 1.85e-02
5.00 8.00 1.81 1.0e+14 9.06 5.486e+04 30.92 1.11e-01 2.36e-01
5.00 8.00 4.53 1.0e+14 9.06 1.383e+05 31.72 2.90e-01 5.86e-01
5.00 10.00 0.12 3.2e+11 0.59 173.5 1.42 3.51e-04 7.47e-04
5.00 10.00 0.30 3.2e+11 0.59 437.5 1.45 9.17e-04 1.85e-03
5.00 10.00 0.37 3.2e+12 1.87 1735 4.48 3.51e-03 7.47e-03
5.00 10.00 0.94 3.2e+12 1.87 4375 4.60 9.17e-03 1.85e-02
5.00 10.00 2.11 1.0e+14 10.53 5.486e+04 25.21 1.11e-01 2.36e-01
5.00 10.00 5.27 1.0e+14 10.53 1.383e+05 25.86 2.90e-01 5.86e-01
Note. — The left-hand-side part of the Table are the input parameters, where the right-hand-side are the output time delay properties.
Column 1: Lens redshift.
Column 2: Source redshift.
Column 3: Source angular position, in arcseconds.
Column 4: Mass of lens.
Column 5: Einstein radius, in arcseconds.
Column 6: Time delay, in days.
Column 7: Change in the time delay over a year’s time from transverse motion (see text for more details).
Column 8: Change in the time delay over a year’s time from redshift drift (see text for more details).
Column 9: Change in the time delay over a year’s time from mass increase (see text for more details).
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TABLE 2
Time delay and its yearly change for different lensing configurations for a SIS lens
zlens zsource β σ [km/s] θE [”] ME [M] ∆ t [d] ∆T [s] ∆R [s] ∆M [s]
0.20 2.00 0.44 300 2.19 3.4e+11 51.91 0.21 3.21e-04 2.24e-04
0.20 2.00 1.09 300 2.19 3.4e+11 129.8 0.21 8.02e-04 5.61e-04
0.20 2.00 1.75 600 8.75 5.4e+12 830.6 0.83 5.13e-03 3.59e-03
0.20 2.00 4.37 600 8.75 5.4e+12 2076 0.83 1.28e-02 8.97e-03
0.20 2.00 4.86 1000 24.29 4.2e+13 6409 2.32 3.96e-02 2.77e-02
0.20 2.00 12.15 1000 24.29 4.2e+13 1.602e+04 2.32 9.90e-02 6.92e-02
0.20 5.00 0.46 300 2.32 4.0e+11 55.15 0.14 3.41e-04 2.38e-04
0.20 5.00 1.16 300 2.32 4.0e+11 137.9 0.14 8.52e-04 5.96e-04
0.20 5.00 1.86 600 9.29 6.5e+12 882.5 0.56 5.45e-03 3.81e-03
0.20 5.00 4.65 600 9.29 6.5e+12 2206 0.56 1.36e-02 9.53e-03
0.20 5.00 5.16 1000 25.81 5.0e+13 6809 1.54 4.21e-02 2.94e-02
0.20 5.00 12.91 1000 25.81 5.0e+13 1.702e+04 1.54 1.05e-01 7.35e-02
0.50 2.00 0.33 300 1.65 2.7e+11 90.55 0.48 5.60e-04 3.91e-04
0.50 2.00 0.82 300 1.65 2.7e+11 226.4 0.48 1.40e-03 9.78e-04
0.50 2.00 1.32 600 6.60 4.3e+12 1449 1.93 8.96e-03 6.26e-03
0.50 2.00 3.30 600 6.60 4.3e+12 3622 1.93 2.24e-02 1.56e-02
0.50 2.00 3.66 1000 18.32 3.3e+13 1.118e+04 5.36 6.91e-02 4.83e-02
0.50 2.00 9.16 1000 18.32 3.3e+13 2.795e+04 5.36 1.73e-01 1.21e-01
0.50 5.00 0.39 300 1.97 4.5e+11 107.9 0.32 6.67e-04 4.66e-04
0.50 5.00 0.98 300 1.97 4.5e+11 269.7 0.32 1.67e-03 1.17e-03
0.50 5.00 1.57 600 7.86 7.2e+12 1726 1.29 1.07e-02 7.46e-03
0.50 5.00 3.93 600 7.86 7.2e+12 4316 1.29 2.67e-02 1.86e-02
0.50 5.00 4.37 1000 21.83 5.6e+13 1.332e+04 3.57 8.23e-02 5.75e-02
0.50 5.00 10.92 1000 21.83 5.6e+13 3.33e+04 3.57 2.06e-01 1.44e-01
1.00 2.00 0.19 300 0.94 6.5e+10 90.29 0.84 5.58e-04 3.90e-04
1.00 2.00 0.47 300 0.94 6.5e+10 225.7 0.84 1.40e-03 9.75e-04
1.00 2.00 0.75 600 3.76 1.0e+12 1445 3.38 8.93e-03 6.24e-03
1.00 2.00 1.88 600 3.76 1.0e+12 3612 3.38 2.23e-02 1.56e-02
1.00 2.00 2.09 1000 10.45 8.0e+12 1.115e+04 9.38 6.89e-02 4.82e-02
1.00 2.00 5.22 1000 10.45 8.0e+12 2.787e+04 9.38 1.72e-01 1.20e-01
1.00 5.00 0.30 300 1.49 2.6e+11 143.4 0.56 8.86e-04 6.19e-04
1.00 5.00 0.75 300 1.49 2.6e+11 358.4 0.56 2.22e-03 1.55e-03
1.00 5.00 1.19 600 5.97 4.2e+12 2294 2.25 1.42e-02 9.91e-03
1.00 5.00 2.99 600 5.97 4.2e+12 5735 2.25 3.54e-02 2.48e-02
1.00 5.00 3.32 1000 16.59 3.2e+13 1.77e+04 6.25 1.09e-01 7.65e-02
1.00 5.00 8.29 1000 16.59 3.2e+13 4.425e+04 6.25 2.74e-01 1.91e-01
2.00 8.00 0.22 300 1.09 1.1e+11 164.5 0.77 1.02e-03 7.11e-04
2.00 8.00 0.55 300 1.09 1.1e+11 411.2 0.77 2.54e-03 1.78e-03
2.00 8.00 0.87 600 4.37 1.7e+12 2632 3.07 1.63e-02 1.14e-02
2.00 8.00 2.18 600 4.37 1.7e+12 6579 3.07 4.07e-02 2.84e-02
2.00 8.00 2.43 1000 12.14 1.3e+13 2.031e+04 8.52 1.26e-01 8.77e-02
2.00 8.00 6.07 1000 12.14 1.3e+13 5.076e+04 8.52 3.14e-01 2.19e-01
2.00 10.00 0.23 300 1.17 1.3e+11 176.4 0.73 1.09e-03 7.62e-04
2.00 10.00 0.59 300 1.17 1.3e+11 441 0.73 2.73e-03 1.91e-03
2.00 10.00 0.94 600 4.69 2.1e+12 2822 2.91 1.74e-02 1.22e-02
2.00 10.00 2.34 600 4.69 2.1e+12 7056 2.91 4.36e-02 3.05e-02
2.00 10.00 2.60 1000 13.02 1.6e+13 2.178e+04 8.07 1.35e-01 9.41e-02
2.00 10.00 6.51 1000 13.02 1.6e+13 5.444e+04 8.07 3.37e-01 2.35e-01
5.00 8.00 0.07 300 0.34 2.4e+09 76.61 1.15 4.74e-04 3.31e-04
5.00 8.00 0.17 300 0.34 2.4e+09 191.5 1.15 1.18e-03 8.27e-04
5.00 8.00 0.27 600 1.36 3.8e+10 1226 4.60 7.58e-03 5.30e-03
5.00 8.00 0.68 600 1.36 3.8e+10 3065 4.60 1.89e-02 1.32e-02
5.00 8.00 0.75 1000 3.77 2.9e+11 9459 12.79 5.85e-02 4.09e-02
5.00 8.00 1.88 1000 3.77 2.9e+11 2.365e+04 12.79 1.46e-01 1.02e-01
5.00 10.00 0.09 300 0.46 5.9e+09 103.5 1.09 6.40e-04 4.47e-04
5.00 10.00 0.23 300 0.46 5.9e+09 258.7 1.09 1.60e-03 1.12e-03
5.00 10.00 0.37 600 1.83 9.4e+10 1656 4.36 1.02e-02 7.15e-03
5.00 10.00 0.92 600 1.83 9.4e+10 4139 4.36 2.56e-02 1.79e-02
5.00 10.00 1.02 1000 5.09 7.3e+11 1.277e+04 12.11 7.90e-02 5.52e-02
5.00 10.00 2.54 1000 5.09 7.3e+11 3.194e+04 12.11 1.97e-01 1.38e-01
Note. — The left-hand-side part of the Table are the input parameters, where the right-hand-side are the output time delay properties.
Column 1: Lens redshift.
Column 2: Source redshift.
Column 3: Source angular position, in arcseconds.
Column 4: 1D velocity dispersion.
Column 5: Einstein radius, in arcseconds.
Column 6: Mass enclosed within the critical curves, given the input velocity dispersion.
Column 7: Time delay, in days.
Column 8: Change in the time delay over a year’s time from transverse motion (see text for more details).
Column 9: Change in the time delay over a year’s time from redshift drift (see text for more details).
Column 10: Change in the time delay over a year’s time from mass increase (see text for more details).
